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Abstract
For any integer K  2 and positive integer h, we investigate the mean value of |ζ(σ + it)|2k×
logh |ζ(σ + it)| for all real number 0 < k < K and all σ > 1 − 1/K . In case K = 2, h = 1, this has been
studied by Wang in [F.T. Wang, A mean value theorem of the Riemann zeta function, Quart. J. Math. Ox-
ford Ser. 18 (1947) 1–3]. In this note, we give a new brief proof of Wang’s theorem, and, with this method,
generalize it to the general case naturally.
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1. Introduction
Let s = σ + it be a complex variable, ζ(s) the Riemann zeta function. Up to now, few works
are done on logarithm type mean value of ζ(s), see [1,2,5]. In [1], Balazard and Ivic´ studied the
error term in the asymptotic formula for
∫ T
0 | log ζ(σ + it)|2 dt for σ > 1/2. In [5], Wang proved
the following theorem by using the Jenson Inequality and Hardy–Littlewood–Polya Inequality.
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1
T
T∫
0
∣∣ζ(σ + it)∣∣2 log∣∣ζ(σ + it)∣∣dt = ζ(2σ) log ζ(2σ) + o(1). (1.1)
In general, when 0 < k < 2, as T → +∞,
1
T
T∫
0
∣∣ζ(σ + it)∣∣2k log∣∣ζ(σ + it)∣∣dt
= Cσ (k)
∑
p
∑∞
ν=1
(
ν+k−1
ν
)2∑ν
μ=1 1μ+k−1p
−2νσ
∑∞
ν=0
(
ν+k−1
ν
)2
p−2νσ
+ o(1), (1.2)
where
Cσ (k) =
∞∑
n=1
d2k (n)
n2σ
=
∏
p
{ ∞∑
ν=0
(
ν + k − 1
ν
)2
p−2νσ
}
, (1.3)
dk(n) is the coefficient of n−s in the Dirichlet series for ζ k(s) which converges for σ > 1, p runs
through all primes.
Remark 1. In the statement of [5], the domain of k is 0 < k  2. However, according to his proof,
only 0 < k < 2 is available, because the validity of Ingham’s mean value theorem with σ > 1/2
and k = 2 + ε for some positive ε (which is still an open question) is needed to get Theorem A
with k = 2.
In this note, we give a new brief proof of Theorem A by “differentiate” Ingham’s mean value
theorem, and generalize it to high power of log |ζ(σ + it)| and larger k.
Theorem 1. Let h be a positive integer, K  2 be an integer, real k, σ with 0 < k < K ,
σ > 1 − 1/K , C(h)σ (k) be the hth derivative of Cσ (k) with respect to k, then as T → +∞,
1
T
T∫
1
∣∣ζ(σ + it)∣∣2k logh∣∣ζ(σ + it)∣∣dt = 2−hC(h)σ (k) + o(1). (1.4)
Since it follows from (1.3) and direct computation that
C′σ (k) = 2Cσ (k)
∑
p
∑∞
ν=1
(
ν+k−1
ν
)2∑ν
μ=1 1μ+k−1p
−2νσ
∑∞
ν=0
(
ν+k−1
ν
)2
p−2νσ
208 X.-Q. Ding, S.-J. Feng / Journal of Number Theory 120 (2006) 206–212and
C′σ (1) = 2ζ(2σ) log ζ(2σ),
Theorem A is just the case h = 1, K = 2 of Theorem 1.
Remark 2. There are some similar results known on the critical line σ = 1/2. Conrey, Ghosh
and Goldston, as reported in [2, Theorem 5], proved under Riemann hypothesis that
1
T
T∫
1
∣∣∣∣ζ
(
1
2
+ it
)∣∣∣∣
2
log
∣∣∣∣ζ
(
1
2
+ it
)∣∣∣∣dt
= logT (log logT + γ − 1) + O(log logT ) (1.5)
and
1
T
T∫
1
∣∣∣∣ζ
(
1
2
+ it
)∣∣∣∣
2
log2
∣∣∣∣ζ
(
1
2
+ it
)∣∣∣∣dt
= logT
(
(log logT )2 +
(
2γ − 3
2
)
log logT + O(1)
)
, (1.6)
where γ is the Euler constant.
2. Proof of the result
We begin with the extended Ingham’s mean value theorem.
Lemma 1. (See [3], Theorem 7.11, Theorem 7.7 and Section 7.23 of [4].) For integer K  2,
real k, σ with 0 < k K , σ > 1 − 1/K ,
1
T
T∫
1
∣∣ζ(σ + it)∣∣2k dt = Cσ (k) + o(1) (2.1)
as T → +∞.
Lemma 2. For integer K  2, real k, σ with 0 < k < K , σ > 1−1/K , and any positive integer h,
there are constants C(σ,K,k,h) > 0 independent of T such that
1
T
T∫
1
∣∣ζ(σ + it)∣∣2k∣∣logh∣∣ζ(σ + it)∣∣∣∣dt  C(σ,K,k,h), ∀T  1. (2.2)
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E1(T ) =
{
t ∈ [1, T ] ∣∣ ∣∣ζ(σ + it)∣∣ 1}, E2(T ) = {t ∈ [1, T ] ∣∣ ∣∣ζ(σ + it)∣∣> 1}.
Since
d
dx
(
x2k logh x
)= 0
implies
x = e− h2k ,
we have for 0 < x  1,
x2k
∣∣logh x∣∣ e− h2k ·2k∣∣logh(e− h2k )∣∣= ( h
2ke
)h
. (2.3)
So
1
T
∫
E1(T )
∣∣ζ(σ + it)∣∣2k∣∣logh∣∣ζ(σ + it)∣∣∣∣dt  ( h
2ke
)h 1
T
∫
E1(T )
1dt 
(
h
2ke
)h
. (2.4)
Similar to (2.3), we obtain for x > 1,
∣∣logh x∣∣= logh x  ( h
(2K − 2k)e
)h
x2K−2k. (2.5)
Use Lemma 1 with k = K , we have
1
T
T∫
1
∣∣ζ(σ + it)∣∣2K Mσ,K, ∀T  1, (2.6)
where Mσ,K > 0 is a constant only depend on σ and K . Then
1
T
∫
E2(T )
∣∣ζ(σ + it)∣∣2k∣∣logh∣∣ζ(σ + it)∣∣∣∣dt
 1
T
∫
E2(T )
∣∣ζ(σ + it)∣∣2k( h
(2K − 2k)e
)h∣∣ζ(σ + it)∣∣2K−2k dt

(
h
(2K − 2k)e
)h 1
T
T∫
1
∣∣ζ(σ + it)∣∣2K dt  ( h
(2K − 2k)e
)h
Mσ,K. (2.7)
Combine (2.4) and (2.7), Lemma 2 follows. 
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there exist Tε > 0 such that ∀T  Tε ,
∣∣∣∣∣ 1T
T∫
1
∣∣ζ(σ + it)∣∣2k dt − Cσ (k)
∣∣∣∣∣< ε2 (2.8)
and
∣∣∣∣∣ 1T
T∫
1
∣∣ζ(σ + it)∣∣2k+2ε dt − Cσ (k + ε)
∣∣∣∣∣< ε2. (2.9)
Hence
∣∣∣∣
1
T
∫ T
1 |ζ(σ + it)|2k+2ε dt − 1T
∫ T
1 |ζ(σ + it)|2k dt
ε
− Cσ (k + ε) − Cσ (k)
ε
∣∣∣∣ 2ε. (2.10)
By the Differential Mean Value Theorem and Lemma 2, on the one hand, there exist θ1(t), θ2(t)
with 0 < θ1(t), θ2(t) < 1 such that
∣∣∣∣
1
T
∫ T
1 |ζ(σ + it)|2k+2ε dt − 1T
∫ T
1 |ζ(σ + it)|2k dt
ε
− 2
T
T∫
1
∣∣ζ(σ + it)∣∣2k log∣∣ζ(σ + it)∣∣dt∣∣∣∣
=
∣∣∣∣∣ 2T
T∫
1
{ |ζ(σ + it)|2k+2ε − |ζ(σ + it)|2k
2ε
− ∣∣ζ(σ + it)∣∣2k log∣∣ζ(σ + it)∣∣}dt
∣∣∣∣∣
=
∣∣∣∣∣ 2T
T∫
1
{∣∣ζ(σ + it)∣∣2k+2θ1(t)ε log∣∣ζ(σ + it)∣∣− ∣∣ζ(σ + it)∣∣2k log∣∣ζ(σ + it)∣∣}dt
∣∣∣∣∣
=
∣∣∣∣∣ 2T
T∫
1
2θ1(t)ε
∣∣ζ(σ + it)∣∣2k+θ2(t)2θ1(t)ε log2∣∣ζ(σ + it)∣∣dt
∣∣∣∣∣
 4ε 1
T
T∫
1
(∣∣ζ(σ + it)∣∣2k + ∣∣ζ(σ + it)∣∣K+k) log2∣∣ζ(σ + it)∣∣dt

(
4C(σ,K,k,2) + 4C
(
σ,K,
K + k
2
,2
))
ε, (2.11)
on the other hand, there exist θ3, θ4 with 0 < θ3, θ4 < 1 such that
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∣∣∣∣Cσ (k + ε) − Cσ (k)ε − C′σ (k)
∣∣∣∣= ∣∣C′σ (k + θ3ε) − C′σ (k)∣∣= ∣∣θ3εC(2)σ (k + θ4θ3ε)∣∣
 max
kk′K+k2
∣∣C(2)σ (k′)∣∣ · ε. (2.12)
It follows form (2.10)–(2.12) that ∀T > Tε ,
∣∣∣∣∣ 1T
T∫
0
∣∣ζ(σ + it)∣∣2k log∣∣ζ(σ + it)∣∣dt − 1
2
C′σ (k)
∣∣∣∣∣
<
(
1 + 2C(σ,K,k,2) + 2C
(
σ,K,
K + k
2
,2
)
+ 1
2
max
kk′K+k2
∣∣C(2)σ (k′)∣∣
)
ε (2.13)
which prove Theorem 1 with h = 1.
Now we assume the case h = m is valid, then ∀0 < ε < 1 − k/2, there exist T ′ε > 0 such that
∀T  T ′ε ,
∣∣∣∣∣ 1T
T∫
1
∣∣ζ(σ + it)∣∣2k logm∣∣ζ(σ + it)∣∣dt − 2−mC(m)σ (k)
∣∣∣∣∣< ε2 (2.14)
and
∣∣∣∣∣ 1T
T∫
1
∣∣ζ(σ + it)∣∣2k+2ε logm∣∣ζ(σ + it)∣∣dt − 2−mC(m)σ (k + ε)
∣∣∣∣∣< ε2. (2.15)
By using Lemma 2, similar to the proof of (2.13), we get ∀T > T ′ε ,
∣∣∣∣∣ 1T
T∫
0
∣∣ζ(σ + it)∣∣2k logm+1∣∣ζ(σ + it)∣∣dt − 2−m−1C(m+1)σ (k)
∣∣∣∣∣
<
(
1 + 2C(σ,K,k,m + 2) + 2C
(
σ,K,
K + k
2
,m + 2
)
+ 1
2
max
kk′K+k2
∣∣C(m+2)σ (k′)∣∣
)
ε. (2.16)
That is, Theorem 1 is valid for m + 1, the proof is complete. 
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